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Abstract

The existing 2-D a-u scheme and a-¢ scheme based on the method of space-time con-
servation element and solution element, which were constructed for solving the linear 2-D
unsteady advection-diffusion equation and unsteady advection equation, respectively, are
tested here. Also, the a-e scheme is modified here to become the v-¢ scheme for solving
the nonlinear 2-D inviscid Burgers equation. Numerical solutions of six test problems are
presented in comparison with their exact solutions or numerical solutions obtained by tra-
ditional finite-difference or finite-element methods. It is demonstrated that the 2-D a-y,
a-¢ and v-€ schemes can be used to obtain numerical results which are more accurate than
those based on some of the traditional methods but without using any artificial tuning in
the computation. Similiar to the previous 1-D test problems, the high accuracy and sim-
plicity features of the space-time conservation element and solution element method have

been revealed again in the present 2-D test results.



Introduction

The space-time conservation element and solution element (to be abbreviated as CE/SE)
method is a method newly developed by Chang[1-3] for solving conservation equations de-
scribing the flow properties. The concept and methodology in this method are significantly
different from those in the well-established traditional methods such as finite difference,
finite volume, finite element and spectral methods. First, the flux is conserved in time and
space because time and space are unified and treated equally. Second, all the dependent
variables and their derivatives are considered as individual unknowns to be solved simul-
taneously at each grid point. And third, the concepts of conservation element (CE) and
solution element (SE) are introduced to enforce both the local and global flux conservation
without using any ad hoc techniques such as interpolation or extrapolation. It has been
proved that this method is superior to many of the traditional methods in accuracy, sim-
plicity and generality. Also, the stability conditions for the numerical schemes based on
this method are the same as or less restrictive than those based on the traditional methods.
The detailed descriptions of this method can be found in [1-3].

All of the 1-D numerical schemes constructed on the basis of CE/SE method have been
tested to show that they are surperior to some traditional methods in both accuracy and
stability [2,4]. Recently the two-dimensional versions of the a-u scheme, a-¢ scheme and
Euler solver have also been constructed by Chang [3] based on the same set of design
principles. :

In this work, the aforementioned 2-D schemes and an extended scheme are tested using
several model problems. The 2-D unsteady advection-diffusion equation is solved by use
of the a-p scheme. The influence of diffusivity on the accuracy of the numerical solution
is investigated by comparing with the exact solution. The 2-D pure advection equation
is solved using the a-¢ scheme with varying € to study its effect on numerical diffusion.
Then the 2-D pure diffusion equation is solved using the u scheme, which is a special
form of the a-u scheme by letting a, = a;, = 0. The numerical results are compared with
those obtained by Crank-Nicolson implicit finite-difference and finite-element methods.
Furthermore, the a-e¢ scheme is modified to become the v-e scheme for inviscid Burgers
equation. Two test problems are used to demonstrate that the v-e scheme is still more
effective than several traditional finite-difference methods in solving nonlinear problems in

a much simpler manner.



Numerical Schemes

1. The a-p Scheme for Advection-Diffusion Equation

The basic a-y scheme is first reviewed, which is constructed for solving the linear

advection-diffusion equation
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where a, and a, are the constant advection speeds and 4 is the viscosity coefficient. In the

space-time Euclidean space Ej, the integral form of (1.1) is
//V(v-ﬁ)dv —0 (1.2)

where h = (a;u — pOu/0z, a,u — pdu/dy,u) and V is an arbitrary space-time region in Ej.

By use of Gauss’ divergence theorem, Eq. (1.2) becomes
f f.ds=0 (1.3)
5(v)

where S(V) is the boundary of region V and d5 = do7i with do and 7, respectively, being
the area and the outward unit normal of a surface element on S(V').

The conservation element (CE) and solution element (SE) are the two basic elements
used in the construction of numerical schemes. Some representative CE(j,n) and SE(j,n)
are depicted in Fig. 1. There are two sets of mesh points (j, k,n) where j and k are spatial
mesh indices and n is the time mesh index(see Fig. 1(a)). One of which, denoted as (U,
is the set of solid circles with j,k = 0,4£1,42,--- and n = +1/2,4+3/2,45/2,---. The
other denoted as s, is the set of harrow circles with j, k& =1/3,1/3 £1,1/3 £2,--- and
n = 0,41,42,---. Each mesh point (j,k,n) in ©; or € is associated with three CEs,
which are quadrilateral cylinders in space-time, one SE, which is the union of three vertical
planes, a horizontal plane, and their immediate neighborhood. The CEs and SEs in (),
denoted as CE{V(j,k,n + 1/2),1 = 1,2,3 and SEW(j, k,n + 1/2)(see Fig. 1(b)(c)), are
different from those in 22, denoted as CE,(I)(j, k,n+1),1=1,2,3 and SE@(j,k,n + 1)(see
Fig. 1(d)(e)). The geometry of the hexagon ABC DEF, which appears in the CEs(SEs)
at the mesh points (j, k,n) € both ©; and §; , is determined by three positive parameters
w, b and h(see Fig. 1(f)).

For any (j,k,n) € @, let

SEM(4,k,n), if (j,k,n)e

SE(, kn) = (14)
SEA (G, k,n), if (5,k,n)€Q,



For any (z,y,t) € SE(4, k,n), u(z,y,t) and E(z,y,t) are approximated by

u*(ma Y, t;ja k7 n) = u?,k + (u-’ﬂ),’;,k(x - xj,k) + (uy);}.k(y - yj,k) + (ut)?,k(t - tn) (15)

and
h*(z,y,t; 5, k,n) = [au*(2,y,t; 5, kyn) — pdu*(z,y,t; 5, k,n)/ 0z,

ayu*(z,y,t; 5, k,n) — pdu’(z,y,t; 5, k,n)/ 8y, u*(z,y,t; 5, k,n) ] (1.6)

where w7, (uz)74, (uy)? and (ue)?, are constant within SE(j, k,n). The assumption that
u = u*(z,y,t;j, k,n) satisfies (1.1) implies

()i = = [oe(ue )i + ay(us)] (L.7)
Substituting (1.7) into (1.5), one has
u (2, 9,89, k) = ufp + (u)Fkl(€ — 2j0) — @z (6= 7))+ (uy)Tal(y —wik) —ay (1 —17)] (1.8)

Thus there are three independent marching variables, i.e., u%y, (uz)?x, (uy)?, associated
with a mesh point (j, k,n) € Q.
Considering (1.3) in any arbitrary CE§1) (7, k,n + 1/2) € Q,, the approximation is

bt

*.d5=0, 1=1,2,3 1.9
fswsf‘)(j,k,nﬂ/z)) s 7 (1.9)

Similarly, in any arbitrary CE}” (4, k;n + 1) € Q,, the approximation is

R*.ds=0, 1=1,23 1.10
fs(CEf”(j,k.nu» ° (1.10)

As a preliminary for the evaluation of the integrals (1.9) and (1.10), a new coordi-
nate system (¢,n) shown in Fig. 1(f) is introduced. Some transformed coefficients in the
(¢,n) coordinate which will be used in the following computations are described briefly as

following:
() =7} (=) C)=m()  ow
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with

Al =/(w=b2+h? Anp=./(w+b)2+h?

and T is the transpose of T. Let

and

where A7 = 24/b2 + h%. Furthermore, let crﬁ)*', aﬁ)', - -+ be defined by
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With the above definitions, the final results of (1.9) and (1.10) are:
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s$9 and sgz) denote the expressions on the right sides of (1.35)-(1.40),

1.43)
1.44)
1.45)
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With the assumption of AM #£ 0 and A® # 0, the final form of the a-y scheme are

u;),’-llc-l/2 — [Sgl) + Sgl) + Sgl)] /3 (155)
W) = D) 4+ o) 4 pDsD (1.56)
D = A L+ ) 051

where (j,k,n +1/2) € {4, and

utt = [ + s + 0] /3 (1.58)
)5 = Ao + s + Yl (159
)t = oo + o2 + Dl (160)

where (j,k,n+1) € Q,.
The a-p scheme is second-order accurate in space and time. Detailed derivations and

discussions of the stability condition for the a-u scheme are referred to [3].

2. The a-¢ Scheme for Unsteady Advection Equation

Equation (1.1) becomes the pure advection equation

3+3+0u
3t " %5z yc')

when u = 0. It is expected that the a-u scheme may become unstable as u — 0 for the

0 (2.1)

nonlinear problems. Some modifications are thus needed for its improvement. The CEs in

the a-u scheme are replaced by

CEM(, k,n+1/2)
[CEDG, k,n+1/2)] U [CEP(, k,n +1/2)] U [CEP (G, k,n + 1/2)]  (22)

where (7,k,n +1/2) € {0, and

CE®(j,k,n+1)
= [CEP(,k,n+1)] U [CED G, k,n + 1) U [CES (G kyn + 1)] (2.3)
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where (7, k,n+ 1) € Q. The total flux leaving the boundary of any new CE is assumed to

be zero, i.e.,

h*-ds

0

}és(cs(l)(j,k,nﬂ /2))
and

}( h*.ds=0
S(CE® (j k,n+1))

Substituting (1.17)-(1.34) into (1.35)~(1.40) with £, = &, = £; = 0, one obtains

n+1/2 ”
ot (1 +w)uf +(1+ Vn)“ﬂj,k = [u= (1 +uuf = L+ v J+1/3k+1/3
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[u=@=vouf + At w)uf |77 = fut @—vdud - Qb))

[u + (1 + ve)uf — (2 — vy)u +]:+1/2 [u = (14 v)uf + (2 — vy)u ]

j+1/3,k—2/3
n+1/2
[v— @ —veu - (1= Vn)“ﬂ x = [u+ (1 —vouf +(1 - ”")"’T]j—lls,k—l/s
n+1/2
[u + 2+ ve)uf = (1= vp)uy ] ik [u —2+vuf +(1- V”)uj’-] J+2/3,k~1/3
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(2.7)
(2.8)
(2.9)
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when |v¢| # 1,|vy| # 1 and |vc + vy # 1. Let ${V, 8V, D 58 53 and ) denote the
expressions on the right sides of (2.6)—(2.11), respectively. From (2.6)-(2.8) and (2.9)-

(2.11), respectively, one obtains

-
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where (7,k,n + 1/2) € £, and
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where (7, k,n + 1) € Q,.
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For any (j,k,n + 1/2) € Q;, the numerical analogues of (u] )"‘H/2 and (u}

the central-difference approximation are defined as

ti\nt1/2 (o 'm41/2 'n41/2
(u( ):k /? = (uj11/3,k+1/3 - ujn-z/s,k+1/3)/6
and
tp\n+1/2 +1/2 ‘n+1/2
("n+ )?,k (“;}H /é k+1/3 — Ui /3,1:—2/3)/ 6

'n41/2 'n+1/2 'n41/2 .
where Ui 1 /3413 Yim2/3,k41/30 and U1 /3 k23 CAD be computed using

n
m41/2 _ ( At )
Ujk u 4+ 2 Uy ix

7 )3,

Then the first marching step of the a-¢ scheme can be expressed by (2.12) and

@ = N+ (o= 1/2)(dud )50
@G = (G + (e = 1/2)(du); 02

n+1/2
3,k

where 0 < € < 1, which is a parameter for controling the numerical diffusion, and

(du< )n+1/2 —9 [( '+ n+l/2 ( 2+)?:1/2]

(duf 7% = 2[5 ~ (gt )7d7]

For any (j, k,n + 1) € Q,, the counterparts to (2.18) and (2.19) are

ik = (u;’ril/s,k-l/s - u;ﬁl/a,kq/s)/ 6
and
(u l+)n+1 = (u;'t-‘il/s,kw/s u;” 1/3k 173)/6
where u;-’i"i}&k_l /3 u;-’_"_gl/&k_l /3 and “;'T;l/s,k +2/3 can be obtained by using
, At "2
= (oo )
Then the second marching step in the a-¢ scheme is formed by (2.15) and

W = (i + (e — 1/2)(dud )5}
i = (R + (e = 1/2)(dup )31

using
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where
(duf 3t = 2 [(u )3t - (g3

(d'u, n+1 =9 [(u’+)n+1 o+ n+1]

Next, the weighted-average counterparts to (uC )% and (uF
introduced. As a preliminary, for (j,k,n + 1/2) € §,, let

'nt1/2 n+1/2

nn = uj?l-l/é,k+1/3_uj,k
'm+1/2 +1/2
T2 = an 2/:/3 k+1/3 — u;,k /
= "2 L2

I3 = _7+1/3k -2/3 7 Uik

and nt1/2

@3 = [Vu®r+ @Py] T, 1=1,23
ik
where

(30 + w)zs + (30 — w)z;
2wh

(WO =~ (eatas) W =

(u (2))ﬂ+1/2 371 (u(z))n+1/2 (36 + w)z; + 2was

2w 2wh
( (3))n+1/2 _3_55_1 ( (3))n+1/2 (w 3b)$1 + 2wz,
2w 2wh

For any a > 0, the weighted-average counterparts to u + and u, '+ are

0, if 6i=8=0=0
w+ __
UeT =\ (6285)7ul + (836:)°ulD 4 (6:6,) %D

(0162)> + (0:05)> + (056,)> ; otherwise
and
0, if 6=0,=6;=0
ult = (8203)%ulDt + (636;)°udt + (6,6,)>ulDt o
(6,85)> + (6202)> + (86,)= )
where

@ = —(22 4+ 23)/6 (W)EY? = (22 + 225)/6
(ux = Qa1+ 23)/6 (WP = (21 - 2a)/6

Iy
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(2.30)
(2.31)

)74 in the a-€ scheme are
»

(2.32)
(2.33)
(2.34)

(2.35)

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)
(2.42)



@ = (a1 —22)/6 (P = (221 + 22)/6 (243)

2 2k

For (j,k,n + 1) € Q,, there are

o= useas— Uik (2.44)
Y2 = ;;Til/s k-1/3 _711 -ltl (2.45)
Y3 = “jﬁ}s,kn/s —ulf! (2.46)

The counterparts to (2.41)-(2.43) and (2.36)-(2.38) are, respectively,

@) = 2y +ws)/6 (WD) = (v2 + 205)/6 (2.47)
@) = 2 +32)/6 WP = —(31 — 33)/6 (2.48)
@I = —( —y2)/6 (I = —(201 +1)/6 (2.49)
and 3 _(3b+ w)y2 + (36— w)
Myt+1 _ 2 (1)yn+1 _ w)yY2 — W)Ys
(uz )],k 2w (y2 + y3) (’LL ) 2wh (250)
3 (3b + w)y: + 2wys
(2) n+1 )] (2) n+1 _ Y Y
3y1 (w — 3b)y1 + 2wy,
(3) n+1 vl (3) n+1

Equation (2.35) is still valid after changing the index (n+1/2) into (n+1). With the above
definitions, (2.39) and (2.40) can be used as the the weighted-average part for a mesh point
(7, k,mn+1) €.
Finally, the weighted-average a-¢ scheme is generalized. The first marching step is
formed by (2.12),
(u 2.)11+1/2 = (u w+)n+1/2 + (e —1/2)(du )n+1/2 (2.53)

and
(WD3E = (e + (e = 1/2)(duf 1 (254)

where (j,k,n +1/2) € Q;. The second marching step is formed by (2.15),

()t = ()5 + (e — 1/2)(duf )51 (2.55)

and
(i) = (w7t + (e — 1/2)(duy )7t (2.56)

11



where (7,k,n + 1) € ;.
The accuracy of the a-€ scheme is the same as that of the a-p scheme. The stability

condition is discussed in [3].

3. The p Scheme for Unsteady Diffusion Equation

The unsteady diffusion equation is a typical parabolic second-order partial differential

equation. It is a special form of Eq. (1.1) with a; = a, =0,

du v O

For the interior CEs, the p scheme is a special form of the a-p scheme by letting
v¢ = v, = 0. For the boundary CEs, the scheme depends on the boundary conditions. If
one flow variable is unknown at the boundary mesh points, only one conservation relation
is needed. Referred to Fig. 2, for the boundary mesh point (7, k,n+1/2) € &, Eqgs. (1.35),
(1.36) and (1.37) can be obtained on the boundary at z = 0 with k£ = 2,4,6,--- ,ny — 1,
at y=0with y =1,3,5,---,nz~1,and at y =1 with 7 = 1,3,5,---,nz — 1, respectively.
For the boundary mesh point (j,k,7 + 1) € Q2, Eqgs. (1.38), (1.40) and (1.39) can be
obtained on the boundary mesh points at z = 1 with ¥k = 3,5,7,-.- ,ny — 2, at y = 0 with
j=2,4,6,---,nr— 2, and at y =1 with § = 2,4,6,---,nz — 2, respectively.

It is assumed that the value of (u;)?, is unknown on the boundaries at = 0 and z = 1
and the value of (u,)?, is unknown on the boundaries at y = 0 and y = 1, respectively.
And we know

(@i = [(w = b)) — h(uy)ju] /6 (3.2)
(Wie = [(w +8)(ua)f + hluy)3] /6 (3.3)
Substituting (3.2) and (3.3) into (1.35)-(1.40), one can obtain

85 — 6D u7 4 ho (uy o1 — hol* (ug)

Uz )T = 3.4
(e o (w—b) + oY (w+b) (34)
n+1/2 _ 6 60(l)+ n+1/2 - (w— )022)+( )n+1/2 (w + b)a%?"'( )?,Tl/z 3
(uy)j,l = h( 0_(1)+ n 0_(1)+) (3.5)
nt1/2 _ 6! ) 60(1)+UT:;/2 (w— b)a(1)+(uz)2:;/2 —(w+ b)a;(,;l;)'l”( );‘:;/2
(uy)j,ny - (36)

h(—og* + o)

12



for the boundary mesh points (5, k,n + 1/2) € @4, and

6s” — 601 unt} + hofP* (u, )itk — hoid" (w22}

n nx,k = nz,k
(ve)ii = oD (w— b) + oD (w +b) ’ &0
(« )n+1 _ 63;(32) 60(2)+ n,+1 (w _ b)o.:(é)+(ux)?-1§-1 (w+ b)O'( )+( );1’-14—1 5.4
v h(—o (2)++0(2)+)
et = 88 = 6oty - (w Yol Wit — A Do i, g
Yolimy = h(—o@t + @ :
22 023

for the boundary mesh points (j,k,n + 1) € Q.

Equations (3.4)-(3.9) are the p scheme for the boundary mesh points. Once (u;)?, and
(uy)?, become known, (u¢)?, and (u,)?; can be obtained using (3.2) and (3.3). Note that
ve=v,=0in oD+ U+ ... and sl,sgl), -in (3.4)—(3.9). The p scheme is characterized
only by the diffusion numbers &, ¢,, £, and is unconditionally stable with the same accuracy

as the a-p scheme.

4. The v-¢ Scheme for Inviscid Burgers Equation

The inviscid Burgers equation in conservative form is

ou 0f Of _
TR =0 (4.1)

where f = 0.5u2. Its integral form in the space-time Ej; is the same as (1.3), except

h= (f, f,u) here. Some additional definitions cooresponding to f are
fe=0f/0u=u, [f=05fu (4.2)

fr =0f/0z = fYus, fy=0f/0y= f'uy, fi=0f/0t= f"u, (4.3)
Similarly, f(z,y,t;J,k,n) is approximated by

@y, 65,k n) = T+ (F)5e(z — zin) + (f)Ta(y —win) + (f)5(t —17)  (44)
thus
(2,9, 85, k,n) = (f*(z,9, 85, k,n), f*(2, 9, 855, k,n) u™(2, 0,154, k,m)) - (45)
Note that (fz)74, (fy)}x, and (f;)7, are functions of (u)?, (¥z)7, (4y)7 4, and (ue)7,. From
the assumption of

Ou*(z,y,t; 5, k,n) + of*(z,y,t;7,k,n) + of*(z,y,t;5,k,n)
at Oz Oy

=0 (4.6)
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one obtains
U = —fr — fy = —(ffuz + fhuy) (4.7)

One can conclude that there are also three independent variables, namely (u)?,, (uz)7;,
and (u,)?,, associated with each mesh point (j,k,n) € Q.

Furthermore, the corresponding coeflicients in the ({,n) coordinate are

P\ o (5 3 (f</Ac)
(fv)‘T (f) (f"+)‘2“ /A (4:8)

Then the counterparts to (1.17)~(1.34) are:

eVt = 1-05f —0.5m (4.9)

FPE = (1 - - Y1+ f) (4.10)

FR* = (- f - A+ ) (4.11)

eVt = 14055 (4.12)

ot = F(1+fH)2- (4.13)

gt = £(1+ FH+ ) (4.14)

g% = 14055 (4.15)

agy* = (14 )1+ ) (4.16)

55* = FA+ME-) (4.17)

e = 1405f% +0.56mF (4.18)

FPF = F(A+ 4 - £ (4.19)

FR* = F(L+ 4+ )1~ ) (4.20)

gt = 1-055+ (4.21)

#P* = (- 2+ f) (4.22)

&%%’* = FA- - (4.23)

g% = 1-o05/m* (4.24)

#* = F(1- - 1) (4.25)

o = x(1- )24+ ) (4.26)

Let 5, s 5 ,38 53 and 5 denote the expressions on the right sides of (1.35)-
(1.40), in whxch aﬂ)"' aﬁ) - are replaced by %, 5~ .... From (1.35)-(1.37) and

14



(1.38)-(1.40), respectively, one obtains

—

u;—:lﬂ = 35 1)+§(1)+—(l)] (4.27)
(et = {5 - @) et — 5
— 3 - R Wi (26 - ;) (4.28)
(it = {0 - e sealt - Dy
— [0 = @* w7 f(2a R - 1) (4.29)
for any (j,k,n +1/2) € &4, and
W = é[ ) + 59 (4.30)
(et = % ([ - (@@*uy] /(26 — 131"
[ (2)+ n+1] /(20(2)+ 1);1-{1} (4.31)
(ueryft = %{[ 59 — @@ru)rt] /(2R -1
[ 52 _ (5% )n+1] /(259 — 1);;1} (4.32)

for any (j, k,n+ 1) € ;.

Equations (2.18)-(2.56) are valid in the Welghted -average v-€ scheme. The accuracy of
v-€ scheme is also second-order in time and space. The stability condition is the same as
that of a-e scheme with v, and v, replaced by f¢* and f7* which are not constants any

more.

Test Problems and Discussions

All of the two-dimensional schemes described in the previous section are tested us-
ing standard model problems. The numerical results are compared with either the exact
solutions or the numerical solutions obtained by some traditional finite-difference or finite-

element methods to examine their accuracy, simplicity and effectiveness.
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1. Test of the a-u Scheme
The translating Gaussian hill problem that was solved by using Taylor-Galerkin finite-

element method in [5] is investigated here again. The governing equation is

ou Ou ou Pu 0%y

s - a_ = a o A 5/ “1S S17_1S Sl
5t Tog, = Haa t 5) z y

which describes the problem that a Gaussian hill translates with a uniform velocity @ =

(az,ay) and spreads isotropically with a diffusivity p. Its exact solution is
u(z,y,t) = Lexp 1 ((a: —zo—at)’+(y—yo—a t)2)
7 o?(t) 202(t) y

where o(t) = 0o\/1 + 2ut/0d, a; = acos @, a, = asin @, in which ¢ is the angle between
the advection velocity and the x axis. In this problem, the initial conditions

1 1 9 2
u(z,y,0) = 77 S%P [—'2';3 ((z = zo)? + (¥ — %0) )]
u(z,y,0
urle,,0) = —2280_ )
i
u(z,y,0
uy(:c,y,O) = (;2 )( _yO)
0
are set as the exact solution at t=0, where g¢ = 0.0707, ¢ = 45°, 29 = yo = —0.5 are used.

The grid size used in the a-p scheme is initially 25 x 86. Figure 3 shows the numerical
solution and the distribution of the absolute error, which is defined as |u?; — w.|, for
u = 0.0125 at t=0.5. The relative L, error, which is defined as

1 VI = P = D =)
Umaz

obtained with At = 0.02 is 6.997 X 10~* and the numerical maximum value is 99.21% of the
corresponding exact value. When the grid size is doubled to 50 x 173 and with At = 0.005,
the relative L, error is reduced to 3.84 x 10~ and the numerical maximum value becomes
99.97% of the exact value.

The same problem is then solved but with a much higher diffusivity of 4 = 0.0625.
Figure 4 shows the numerical solution and the absolute error distribution at t=0.5. The
relative Ly error of the numerical solution obtained on a 25 x 86 grid with At = 0.02 is

1.788 x 10~? and the numerical maximum value is 96.07% of the exact value. Similiarly,
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the relative L, error can be improved to 3.363 x 10~® and the numerical maximum value
is up to 98.68% of the exact value by doubling the grid size to 50 x 173 with At = 0.005.
Numerical results of the a-u scheme depict that its accuracy can be improved by using
finer grid meshes and it can generate more accurate numerical solutions for lower diffusivi-
ties. Once the grid size is fixed, the time step size will be the only parameter to determine
the accuracy and stability. In the first test case with g = 0.0125, different time step sizes
have been used to obtain the best results as well as to satisfy the stability condition. In the
second test case with v = 0.0625, the same time step sizes as those in the first case are used
for a fair comparison between the numerical solutions for lower and higher diffusivity. The

comparisons show that the numerical solutions for the lower diffusivity is more accurate.

2. Test of the a-¢ Scheme
The a-€ scheme expressed in (2.12), (2.21), (2.22) and (2.15), (2.28), (2.29) is used to

solve the problem that a Gaussian hill travels with a uniform advection velocity @ = (a., ay)
without diffusivity, which is a special case of the previous Gaussian hill test problem. The

governing equation is the pure advection equation

Ou Ou Ou_
gt " %oz T Moy T

The exact solution and initial conditions are the same as those in the previous problem

0, -1<z<1, -1<y<=<l

by letting u = 0. The exact solution is shown in Fig. 5(a). Numerical solutions at t=1.0
obtained by using the same time step size At = 0.02 on a 50 x 173 grid are shown in
Figs. 5(b)-5(d) for ¢ = 0, 0.1, and 0.3, respectively. There are some oscillations along
the direction of advection velocity when ¢ = 0; they disappear when € = 0.1 or 0.3. But
the relative L, error are 4.514 x 10~3, 2.83 x 10~3, and 3.08 x 103, and the numerical
maximum values are 98.2%, 97.6%, and 97.4% of the exact value for ¢ = 0, 0.1, and 0.3,
respectively. It can be seen that the numerical oscillation can be suppressed by increasing
¢ and, meanwhile, the maximum value deviates more from the exact value because of the
increased numerical diffusion. A large € may lead to too much numerical diffusion which is

not expected. The solution with € = 0.1 is the best for this problem.

3. Test of the g Scheme

The p scheme is used to solve the unsteady diffusion equation

du v Ou
_ b — < < <y <
ot ”(6:02 ayz)’ 0<zsl, Osysl
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which was solved in [6, pp.259-266] by using Crank-Nicolson implicit finite-difference and
finite-element methods.

The initial conditions are stated as follows:

u(z,y,0) = 20+ 80[y — sin(0.57z)sin(0.57y)]
uz(z,y,0) = —40r cos(0.57z)sin(0.57y)
uy(z,y,0) = 80 — 407 sin(0.57z) cos(0.57y)
which are defined by the exact solution
u(z,y,t) = 20 + 80 [y — €7t 5in(0.57z) sin(0.57ry)]
at t=0. The boundary conditions are:
u(0,y,t) = 20+ 80y
u(l,y,t) = 20+80 [y — e~ 0Sur’t sin(0.57ry)]
u(z,0,t) = 20
u(z,1,t) = 20+80 [1 — e~ 0-5ur’t sin(O.Svr:c)]
and
uy(0,y,t) = 80
uy(l,y,t) = 80 [1 — 0.5me=05u’t cos(0.57ry)]
uz(z,0,t) = 0
ug(z,1,t) = —40me 054"t cos(0.5rz)
Equations (3.4)—(3.9) are used at the boundary CEs.

A 6 x 21 grid is used here for computation. Figure 6 shows the numerical solution at
t=24000. The L, error is defined as

b [T

(n—-1)x(m-1)
which is the same as that in [6]. The L, error is 5.9889 x 10~* obtained by the u scheme with
At = 100. Considering the results obtained by all of the numerical methods mentioned in

[6] having the same accuracy (At,(Az)?, (Ay)?) as the u scheme, the best one is the Crank-

Nicolson implicit finite-element method, whose errors are respectively L, = 6.86 x 10~3 with
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a 10 x 10 grid, and 1.59 x 103 with a 20 x 20 grid. The numerical results can be improved
so that those errors are reduced to 1.34 x 10~* and 8.2 x 10~°, respectively, by using the
higher-order Crank-Nicolson method which has the ((At)?, (Az)*, (Ay)*) truncation error.
By using the u scheme with more grid points, such as 30 x 60, an improvement is obtained
having L, = 1.3467 x 10~* with At = 12. However, additional improvements cannot be
achieved by further refinement of the grid, showing the need of a higher order accurate
implicit scheme based on the CE/SE method.

4. Test of the v-¢ Scheme

Consider the inviscid Burgers equation

u(z,y,0) = % ifxg—;- and yS%
= if z > ! and > L
= ) V=3

= i— otherwise

for the first case, and

u(z,y,0) = % ifz < -;— and y < %
1
= % if z > % and y> 3

= % otherwise

for the second case.

This problem contains complicated shock interaction, whose exact solution is referred
to [7]. MacCormack’s scheme is used to solve the same problem to test the techniques of
using a moving finer mesh which follows the shock as described in [7], where the fine grid
point is up to 100 x 100, and the boundary conditions are specified as the exact solution
for the first case, whereas for the second case, the conditions at the inflow boundaries at
z = 0 and y = 0 are specified as the exact solution, but those at the outflow boundaries

at £ = 1 and y = 1 are computed by interpolation from the upstream grid points. For
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the first case at ¢t = 1.125, the exact solution is plotted in Fig. 7(a) and the numerical
solutions obtained by the weighted-average v-€¢ scheme with grid sizes of 50 x 173 and
25 x 87 are shown in Figs. 7(b) and 7(c), respectively. Figures 8(a)-8(d) show the exact
and numerical results for the second case at ¢ = 1.125. In comparison with the numerical
results by MacCormack’s scheme shown in Figs. 2 and 5 of [7], the present results in both
cases are much better except a little smear near one of the discontinuities, yet the scheme
is so simple and no additional ad hoc techniques are needed. Even with the coarse 25 x 87
grid, the result is already much better. For a larger a, the numerical diffusion is larger and

the smear near the discontinuity is more serious as depicted in Figs. 8(b) and 8(c¢).

Conclusion

The two-dimensional a-y and a-¢ schemes based on the space-time conservation element
and solution element method have been used to solve the unsteady advection-diffusion equa-
tion, unsteady pure advection equation, and unsteady diffusion equation. The a-¢ scheme
has been modified to become the v-€ scheme for solving the inviscid Burgers equation.
Six numerical tests have been used to demonstrate that all of those schemes are superior
to some of the traditional methods in accuracy and simplicity. The schemes themselves
are physically sound, natural and simple. Highly accurate solutions can thus be obtained
without using any ad hoc techniques. For further investigations, a more efficient implicit
scheme with a higher accuracy based on the CE/SE method for solving the unsteady dif-

fusion equation will be developed.
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Gaussian hill distribution

Fig. 5(a) The exact solution of purely advecting Gaus-

sian hill at t=1.0.
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Gaussian hill distribution

Fig. 5(b) The CE/SE solution(n = 50, m = 173, ¢ =

0, At = 0.02) of purely advecting Gaussian hill at t=1.0.
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Gaussian hill distribution

Fig. 5(c) The CE/SE solution(n = 50, m = 173, ¢ =

0.1, At = 0.02) of purely advecting Gaussian hill at

t=1.0.
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Gaussian hill distribution

Fig. 5(d) The CE/SE solution(n

50, m

173, ¢ =

0.3, At = 0.02) of purely advecting Gaussian hill at

t=1.0.
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diffusion equation at t=24000.
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U(exact solution)

Fig. 8(a) The exact solution of the inviscid Burgers

equation at t=1.125 for the second case.
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